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Abstract 

We consider associative algebras with involution over a field of characteristic 
zero. In this case, we prove that for any finitely generated associative algebra 
with involution there exists a finite dimensional algebra with involution which 
satisfies the same identities with involution. This is an analogue and an exten- 
sion of the theorem of A.Kemer for ordinary identities [8 . The similar results 
were proved earlier by the author for identities graded by a finite abelian group 
|15j . and by E.Aljadeff, and A.Kanel-Belov [TJ for identities graded by any finite 
group. 
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Introduction 

The theory of polynomial identities of algebras is an important area of the modern 
algebra. In the last years various generalizations of polynomial identities become 
popular. The purpose of the present paper is to study identities with involution. 
We prove that finitely generated algebras with involution are equivalent to finite 
dimensional algebras in terms of *-identities, the field being of characteristic zero. 

Note that almost all notions mentioned here can be applied not only for associa- 
tive algebras but for other classes of algebras. Nevertheless throughout the paper 
we consider only associative algebras over a field of characteristic zero. Further they 
will simply be called algebras. 

Let F be a field of characteristic zero. We consider associative algebras over 
F. An anti-automorphism * of the second order of an F-algebra A is called an 
involution. If we fix an involution * of an associative .F-algebra A then the pair (A, *) 
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is called an associative algebra with involution (or associative *-algebra). Note that 
an algebra with involution can be considered as an algebra with the supplementary 
unary operation * satisfying identities 

(aa + fib)* = aa* + /%*, 

(a • by = b* ■ a*, (a*)* = a 

for any a,b E A, and a, ft G F. 

Observe that any *-algebra can be decomposed into the sum of symmetric and 
skew-symmetric parts. An element a £ A is called symmetric if a* = a, and skew- 
symmetric if a* = —a. So, a + a* is symmetric and a — a* skew-symmetric for any a £ 
A. Thus, we have A = A + © A~ , where A + is the subspace formed by all symmetric 
elements (symmetric part), and A + is the subspace of all skew-symmetric elements 
of A (skew- symmetric part). We call symmetric and skew-symmetric elements of a 
*-algebra * -homogeneous elements. 

We use standard notations a o b = ab + ba, and [a, b] = ab — ba. It is well known 
that the symmetric part A + of a *-algebra A with the operation o is a Jordan 
algebra, and the skew-symmetric part A~ with the operation [, ] is a Lie algebra. 

A homomorphism of algebras with involution is a *-homomorphism if it com- 
mutes with the involution. An ideal / <j A of a *-algebra A is *-ideal if it is invariant 
under the involution. For algebras with involution we consider only *-ideals, and 
*-homomorphisms. In this case the quotient algebra A/ 1 is also an algebra with 
involution. 

We denote by A\ x • • • x A p the direct product of algebras A\, . . . , A p , and by 
A\ © • • • © A p C A the direct sum of subspaces Ai of an algebra A. It is clear 
that a direct product of algebras with involution is also an algebra with involution. 
Throughout the paper we denote by J(A) the Jacobson radical of A. By default, all 
bases and dimensions of spaces and algebras are considered over the base field F. 
We consider the lexicographical order on n-tuples of numbers. 

The notion of identity with involution (a *-identity) is a formal extension of the 
notion of ordinary polynomial identity. We refer the reader to the textbooks [6], [7], 
[TT] . and to [5], [8] concerning basic definitions, facts and properties of polynomial 
identities. 

A brief introduction to identities with involution will be given in Section 1 (see 
also [H]). Section 2 contains an information about basic properties of the main 
objects and constructions. Here we also introduce the parameters par ! „(^4) of a finite 
dimensional algebra A, and the Kemer index ind*(r) of an ideal V of identities with 
involution of a finitely generated algebra with involution. Section 3 is devoted to 
finite dimensional *-algebras, namely, to connection between their structural param- 
eters par,,, , and the indices of their ideals of *-identities ind* . Section 4 is devoted to 
representable algebras, and to the technique of approximation of finitely generated 
algebras with involution by finite dimensional *-algebras. The concept of form iden- 
tities with involution is also considered in this section. Section 5 contains the proof 
of the following main result. 
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Theorem 1 Let F be a field of zero characteristic. Then a non-zero *T -ideal of 
^-identities of a finitely generated associative F-algebra with involution coincides 
with the *T-ideal of ^-identities of some finite dimensional associative F-algebra 
with involution. 

The methods and techniques are an adaptation of the methods used by the author 
in the proof of the corresponding result for graded identities of finitely generated 
algebras graded by a finite abelian group [15], see also pQ for a more general result. In 
both cases the origin of methods is the techniques developed by Alexander Kemer to 
obtain the classification of varieties of non-graded and Z2-graded associative algebras 
and the positive solution of the Specht problem ([8]). The useful interpretation of 
his methods can be found in [5]. 

In general, we follow the structure of the proof |15| with necessary modifications 
for the case of involution. Note that for several technical statements the proof is the 
literal repetition of the corresponding proof for the graded identities. In such cases 
we refer the reader to [15:. The origin of the principal notations and definitions is [5 J 
(see also pQ). More details concerning the basic constructions and definitions also 
can be found there. 



1 Free algebra with involution. 

Consider a countable set of letters X = {xi\i € N}, and denote X* = {xi, x*\xi € X}. 
We define *-action on monomials in X* by 

(ojj ■ ■ ■ di n )* = a* n ■■■ a* x , aj € X* , where (x*j)* = xj for all Xj S X. 

This action is naturally extended to the involution on the free associative algebra 
5 = F(X*) generated by the set X*. The algebra 5 with this involution is called 
the free associative algebra with involution. Then an element of the free algebra 
with involution has a form f(x%, . . . , x n ) = Ylti) (e) a {i),{s) x h ' ' ' x im ' w ^ ere x i e 
a (i),(e) 6 F, {0, 1}, and xf = Xi if 9 = 0, xf = x* if 9 = 1. 

Taking into account the decomposition of *-algebras into symmetric and skew- 
symmetric parts we can consider another construction of the free associative algebra 
with involution. Consider two countable sets Y = {yi\i € N}, Z = {z(\i € N}. The 
action * is defined on monomials in Y U Z by equalities 

w* = (a h ■ ■ ■ a in )* = a* n ■ ■ ■ a* h = (-l) s ^ w) a in ■■■a il , where 
Vj = Vj, z* = -zj, aj G YU Z. 

Here the sign is determined by the parity of the number 5(w) of variables from the 
set Z in the monomial w. The linear extension of this action is an involution on the 
free associative algebra F{Y, Z) generated by the set Y U Z. The equalities 

rp . _J_ rv.* rp . ™* 

j^i ~r ^ t tt/ i 

Hi = 2 ' Zi = 2 ' 

Xi = yi + Zi, x* = yi-Zi (1) 
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induce an isomorphism of algebras with involution F(X*) and F{Y,Z). We use 
both notations for the free associative algebra with involution J. We call a set of 
variables S C Y or S Q Z (namely, if S does not contain variables from Y and Z 
simultaneously) * -homogeneous. 

Note that degrees of polynomials in the first case are defined by conditions 
deg x . Xi = deg Xi x* = 1 (i e N). 

Let / = f(x%, . . . ,x n ) £ F(X*) be a non-trivial ^-polynomial. We say that a 
*-algebra A satisfies the identity with involution (or ^-identity) f(xi, . . . x n ) = 
if f(ai, ...a n ) = for any a* € A. If a polynomial / = /(yi, . . . , y n , zi, . . . , z m ) £ 
F(Y, Z) is written in terms of the symmetric and skew-symmetric variables then 
/ = is *-identity of A iff f(a\, . . . , a n , b%, . . . , 6 m ) = for all a, £ A 4 ", and 6, € A~ . 

Let Id* (A) < F(X*) be the ideal of all identities with involution of A. Sim- 
ilar to the case of ordinary identities any ideal of identities with involution is a 
two-sided *-ideal of the free algebra with involution F(X*) invariant under its 
*-endomorphisms. We call such ideals *T-ideals. Conversely, any *T-ideal of F(X*} 
is the ideal of identities with involution of some F-algebra with involution. 

Given a monomial w = a\02 - ■ ■ a n in X* (in case Gtj £ X*) or in Y U Z (if 
ai £ Y U Z) let us denote by w = a n ■ ■ ■ aia\ the monomial rewritten in the reverse 
order. Given a polynomial / = ^2 W a w w, we denote / = Y2 W a wW (where w-s 
are monomials, a w € F). Note that this operation is also an involution of 5 r . It 
is clear that for any / G $ we have /(xi, . . . ,x n )* = f(x*, . . . In particular, 
polynomials /, and / always belong to the same *T-ideal. 

For a set S C F(X*) of *-polynomials denote by *T[S] < F(X*) the *T-ideal 
generated by S. Then *T[5"] contains exactly all identities with involution which 
follow from polynomials of the set S. We say that two algebras with involution A 
and B are *PI-equivalent A ~* B if Id* (A) = ld*{B). We also write / = g (mod V) 
for a *T-ideal V and *-polynomials f,g€ F(X*) if / — g £ V. 

It is clear that the ordinary free associative algebra F(X) (without involution) 
can be considered as a subalgebra of F(X*). Particularly, an ordinary polynomial 
identity (without involution) can be considered as an identity with involution. So, let 
A be a *-algebra, Id* (A) ideal of *-identities, and Id(^4) ideal of ordinary identities of 
A, then we have Id(A) C Id* (.A). Moreover, by Amitsur's theorem ([2], [3J, see also 
|llj ) any *-algebra satisfying a non-trivial *-identity also has a non-trivial ordinary 
identity. 

Note that a finitely generated algebra with involution also has a finite generat- 
ing set consisting of symmetric and skew-symmetric elements. Such set is called a 
*-homogeneous generating set. 

Given a finitely generated *-algebra A, we denote by rk(A) the least possible 
number of generators. Denote by rkhs(5) the greater of the numbers of symmet- 
ric and skew-symmetric elements of a *-homogeneous generating set S of A. Then 
rkh(A) is the least possible rkhs(5) for the algebra A. 

Let X* = {xi,x*\l < i < u} be a finite set and F{X*) the free associative 
algebra with involution of rank u, v £ N. It is isomorphic to the algebra F(Y U , Z u ) 
in symmetric Y v = {yi, . . . , y u }, and skew-symmetric variables Z v = {z±, . . . , z u }. 
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Let A be a finitely generated algebra with involution, then for any v > rk(A) the 
algebra with involution JJ V = F(X*)/(ld*(A) nF(X*)) is the relatively free algebra 
with involution of the rank i/, and Id*(j4) = Id* (£/„). 

Given a *T-ideal Ti C F(X*) and a *-algebra B, denote by 

ri(B) = . . . , b n )\f E ri, k GB}<B 

the verbal ideal of B corresponding to T±. 

Similarly to the case of ordinary [8], and graded identities [15) . we have 

Remark 1 1. Let V be a *T-ideal. A * -polynomial f(xi, . . . ,x n ) is an identity 
with involution of the relatively free algebra F(X*)/(T D F{X*)) if and only if 
f(h%, . . . , h n ) E r for any * -polynomials hi,...,h n E F(X*). 

2. Let Y2 = Id*(^4) be the ideal of identities with involution of a finitely generated 
*-algebra A. Then the condition Ti(F{X*)) C T2 implies T± C T2 for any 
v > rk(j4), and the condition Ti(F(Y u , Z v )) C T2 implies Ti C T2 for any 
v > rkh(^4). 

Note that this remark is true for algebras of any signature. 

The notion of degree of a *-identity is similar to the case of ordinary identities 
(see [SlEldl]). In particular, we can consider multilinear identities. 

Let P* = Spanpjx^-^ • • • x T Jcr E S n , 9i E {0, 1}} be a vector space of all mul- 
tilinear *-polynomials of degree n. A multilinear ^-polynomial of degree n has the 

form f(xi, ...,x n ) = E<tgS„, (e)ez™ a *M x l\i) ' ' ' x %n) e P ™- Note that in terms of 
symmetric and skew-symmetric variables the space of multilinear polynomials with 
involution of degree n has the form P n = Spanpjx^!) • • • x a ^ \a E S n , Xi E Y U Z}. 
It is clear that P n is the direct sum of subspaces of multihomogeneous and multilin- 
ear polynomials depending on the same symmetric and skew-symmetric variables. 
So, a multilinear polynomial of degree n has the form f(y\, . . . , y^, z\, ■ ■ ■ , z n _k) = 
S CTe s n a v x <r(i) • ' • x <r{n) E Pk,n-k, where Xi = yi for i = 1, . . . , k, and = z^ k if 
i = k + 1,. . . ,n (0 < k < n). 

Then for an algebra with involution A and for the *T-ideal of its *-identities V we 
have that r fcj „_ fc = P^n-k^T and P k , n ~k(^) = Pk,n-k{A) = Pk,n-k/( p k,n-k^) are 
(FSk ® i ? S' n _fc)-modules. Here Sk and S n -k act on symmetric and skew-symmetric 
variables independently (see, e.g., [10J). Moreover, we can assume that the elements 
of r fc)T1 _ fc and P k , n -k(X) depend on variables {7/1, . . . , y k }, and {zi,..., z n -fc}- Then 
the subspaces of multilinear *-identities of A T n = P n n T, and of multilinear parts 
of relatively free algebra P n (F) = P n {A) = P n j(P n n T) are the direct sums of (?) 
copies of r fcjn _ fc , and P k , n -k(^) respectively. 

It is well known that in the case of zero characteristic any system of identities 
(ordinary or with involution) is equivalent to a system of multilinear identities. Thus, 
in the case of zero characteristic it is enough to consider only multilinear identities. 

Then we obtain the next lemma. 
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Lemma 1 The ideal of * -identities of any finitely generated associative algebra with 
involution contains the ideal of * -identities of some finite dimensional algebra with 
involution. 

Proof. Let A be a finitely generated associative algebra with involution, and 
r = Id* (A) 7^ the ideal of its *-identities. From [2], [3] we have that A is 
Pi-algebra, thus the ideal of its ordinary identities is non-trivial Id(A) ^ 0. Then 
from [8] it follows that there exists a finite dimensional algebra C that has the 
same ideal of ordinary identities Id(A) = Id{C). Let us consider the direct prod- 
uct B = C x C op , where C op is the opposite algebra. The algebra B has the 
natural exchange involution defined by (a, b)* = (b,a), a,b 6 C. Since we con- 
sider the case of characteristic zero, the ideal of identities with involution of B is 
generated by ordinary identities of C, and it lies in T. Indeed, take a multilinear 
polynomial f(yi, ■ ■ ■ , y k , z%, . . . , z n - k ) £ F{Y, Z) and consider a *-homogeneous sub- 
stitution yi = (at, ax), . . . , y k = (a k ,a k ), z\ = (a k+1 , -a k+1 ), z n _ k = (a n ,-a n ). 
We obtain 

/((oi, ai), . . . , (a k , a k ), (a k+ i, -Ofc+i), . . . , (a n , -a n )) 

= (/( a i) • • • > a k, ttfe+i) • • • , an), {— l) n ~ • • • > a k, • • • , a n )), 

where ai, . . . , a k , a k+ \, . . . , a n € C are arbitrary. Note that / = is a polynomial 
identity of an algebra with involution iff / = is an identity of the same algebra. 
Hence, f(yi,... i Vki z ii ■ ■ ■ i z n—k) — is a ^-identity of B if and only if /(xi, . . . , x n ), 
f( Xl ,...,x n ) Gld(C) = Id{A). Thus Id* (B) QId*(A). □ 

2 The Kemer index of *- identity. 

Let us consider a finite dimensional F-algebra A with involution. It is well known 
(see, e.g., Theorems 3.4.3, 3.4.4 in [11]) that an analogue of the Wedderburn-Malcev 
decomposition holds for algebras with involution. 

Lemma 2 (JU^) Let F be a field of zero characteristic. Then any finite dimen- 
sional F -algebra with involution A is isomorphic as *-algebra to an F -algebra with 
involution of the form 

A' = d x • • • x C p 8 J. (2) 

Where the Jacobson radical J = J (A 1 ) is a *-ideal, B' = C\ x • • • x C p is a maximal 
semisimple ^-invariant subalgebra of A' , C\ are *-simple algebras (p>0). 

We can construct an algebra with involution which has the Jacobson radical 
free in some sense. For a *-algebra B (not necessarily without unit) denote by 
£?# = B ®F -lp the *-algebra with adjoint unit lp {(b + alp)* = b* + alp for all 
b£ B, aeF). 

Given a finite dimensional *-algebra A = B(& J (A) with a maximal *-semisimple 
subalgebra B and the Jacobson radical J (A) consider a *-invariant subalgebra 
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B C B. Take the free product B* * F F(X*)#, where F(X*)# is the free uni- 
tary *-algebra of a rank q. It is the *-algebra with involution naturally defined by 
equalities (u\ ■ ■ ■ u s )* = (u s )* ■ ■ ■ (ui)*, where Ui € B*\J F(X*)#. 

Let us consider the subalgebra B(X*) of B#* F F{X*)# generated by BUF(X*). 
It is *-invariant. Denote by (X*) the two-sided *-ideal of B{X*) generated by the 
set of variables X*. Then B(X*) = B © (X*). 

Given a *T-ideal T and a positive integer s, we can consider the quotient algebra 

K q>s {B,T) = B(X*)/(T(B(X* q )) + (X* q n (3) 

Denote also K q>s (A) = K g>a (B, Id* (A)), where T = Id* (A), B = B. 

Lemma 3 For any q, s £ N and a *T-idealT C Id* (A) i/ie algebra lZ q ^ s (B,T) = B(B 
J{lZ q , s {B ,T)) is a finite dimensional algebra with involution. Here B = B is a max- 
imal semisimple *-subalgebra of lZ qtS (B,T). The Jacobson radical J(TZ qtS (B,T)) = 
(X*)/(T(B(X*)) + (X*) s ) is nilpotent of class at most s. Id*(K q}S (B, T)) D T. 

Ifq> r k(J(^4)), and s is greater than the class of nilpotency nd(^4) of J {A) then 
ld*(TZ q , s (A)) = ld*(A). 

Proof. The ideal I = T(B(X*)) + (X*) s is *-invariant. It is clear that 7 C (X*). 
Then for the canonical *-homomorphism ip : B{X*) —¥ 1Z qtS (B,T) we obtain B = 
ip(B) = B, and ip((X*)) = {X*)/I is the maximal nilpotent ideal of the algebra 
7Z q ^ s (B,T) of class at most s. It is clear that (X*)/I is ^-invariant and finite dimen- 
sional. Hence, TZ qtS (B ,T) = B © i(j((X*)) is also a finite dimensional *-algebra with 
the Jacobson radical J(lZ q:S (B, T)) = ip((X*)). Also, T C Id*(K q , s (B, T)) for any 
q, s £ N. 

Let us take T = Id*(^4), B = B. Consider a generating set {r%, . . . ,r u } of the 
Jacobson radical J (A). If q > v, and s > nd(^4) then the map (p : Xi = Xi + I \— > 
ri (x{ € X for i = can be extended to a surjective *-homomorphism 

ip : K q , s {A) -> ^ assuming ip(b + I) = b for all b £ B. Therefore, T = Id* (A) D 
Id*(^' s (A)). □ 

Observe that the construction of TZ qtS (B,T) can also be made in terms of sym- 
metric and skew-symmetric variables exchanging the set of variables X* by the set 
Y q UZ q = {y 1 ,...,y q ,z 1 ,...,z q }. 

Over an algebraically closed field the Wedderburn-Malcev decomposition ([2]) of 
a finite dimensional *-algebra can be described in more details. 

Lemma 4 Let F be an algebraically closed field. Any finite dimensional F -algebra 
with involution A is isomorphic as a *-algebra to an F-algebra with involution A' = 
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C\ x • • • x C p © J, where Ci-s are *-simple algebras of the following types: 

1. (Mfc ; (F),t) — t/ie /u// matrix algebra with the transpose involution * = t, 

2. (Mfc ; (F),s) — f/ie /uZZ matrix algebra with the symplectic involution * = s, 
(h € 2Z), 

3. (Mk t (F) x Mk l {F) op , *) — the direct product of the full matrix algebra 
and its opposite algebra with the exchange involution * (see Ulf )- (4) 

Moreover, A' can be generated as a vector space by sets of its symmetric elements 
Dq, Uq C A', and skew- symmetric elements D±, XJ\ C A' of the next form 

D ± = = £ld Sn £ i I e ^r, i < i < p}, (5) 

tfo = {(ei'rej// + e v ,r*e v )/2\ 1 < Z' < l" < p + 1; r e J} 

C/i = {(e,/re,/i - ej«r*e,,)/2| 1 < V < l" < p + 1; r G J}. (6) 

Where in case Ci = (Mk t (F),t) we set 

d n dl = E Hd, + E Wi > 1 < »l < Jl < 

4d l =E *™- E Wi> 1 < i Kji< k ^ (7) 
m case = (Mk (F), s) we set 

d S, = - 1 < < ^» 

d (0) fc = B . k, . — E 7 . k, . , l< ii < ji < —, 
Ui^+ji ini+n hi^+n' ~ M ~ 2 ' 

= • *, • + h . Kii< ji<—, 
lii^+ji in^+n hi^+ii ~ l - Jt - 2 ' 



/// 



case Ci = {M kl (F) x M kl (F)°p, *) we set 



d kji = ( E Kdi ' E ikn ) ' l<ii,3i<k h 

4^ = ^:-^): l<iuji<h. (9) 

Here e\ is the orthogonal central idempotent of B' = C\ X • • • X C p , corresponding 
to the unit element of the l-th *-simple component C\ of the algebra A' (for any 
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I = 1, . . . ,p), En,], are the matrix units. Elements r run on a set of elements of the 
Jacobson radical J = J (A) = ©^/ /=1 £j' Jep, where e p+ \ is the adjoint idempotent. 
All idempotents Ei (I = 1, . . . ,p + 1) are symmetric with respect to involution. The 
sets of pairs of indices Zj, J\ are defined by conditions |2|) ; |P|). 

Proof. It is well known (see, e.g., Theorems 3.4.4 and 3.6.8 [11]) that any *-simple 
algebra is isomorphic to one of the algebras of the list All units E\ of *-simple 
components C; of B' are symmetric with respect to involution. Elements , d^ ^ 
defined by (J7]), (|HJ), ([9]) form a ^-homogeneous basis of the corresponding *-simple 
component C\ (dj^ are symmetric, and are skew-symmetric). 

Any element r G J can be uniquely represented as a sum of elements from the 
subspaces eyJei" (/',/" = 1, ... ,p + 1) (the Peirce decomposition). All elements of 
EyJeyi are sums of elements of Uq and C/i for 1 < V < I" < p + 1, and differences 
of elements of Uq and C/i if /' > I" (for r = v*, v G J). Here elements of ?7o are 
symmetric, and the elements of U\ are skew-symmetric. □ 

Observe that the condition for the base field F to be algebraically closed is 
necessary only for the description of the semi-simple part of A ((j4|), (|5]), (jTj) , (jSj), ([9])). 
The statements concerning the Jacobson radical (for example, ([6])) is evidently true 
for any finite dimensional algebra with involution. Moreover, considering *-identities 
we always can extend statement of Lemma H] to the case of arbitrary field F of zero 
characteristic. 

Definition 1 An F -algebra A is called representable if A can be embedded into some 
algebra C that is finite dimensional over an extension F 5 F of the base field F. 

Lemma 5 Let F be a field of zero characteristic. Any representable F -algebra with 
involution A is * PI- equivalent to some F -finite dimensional algebra with involution 
A' that satisfies the claims of Lemma [7} 

Proof. We always can assume that the extension F D F is algebraically closed. 
Suppose that A is isomorphic to an F-subalgebra B of a finite dimensional F-algebra 
B. The equality (ip(a))* = <p(a*) for any a G A (ip : A — > B is the isomorphism of 
F-algebras) defines involution on B. Let U be an F-subalgebra of *-algebra B x B op 
with the exchange involution * generated by {(b, b*)\b G £>} (here * is the involution 
on B induced from A). Then U = {J2t=i K )\oti G F, bi G B} is an F-finite 
dimensional *-invariant subalgebra of B x B op . For algebras and identities over F we 
have Id* (10 = ld*(B) = Id* (A). 

Using Lemma [U over F we conclude that the *-algebra U has the decomposition 
(J2D, where Qs are isomorphic to (M k[ (F), t), (M h (F), s), or (M k[ (F) x M h (F)°P, *). 
It is clear from ((2J), (jHJ), and (JH) that C\ = FCi, where C\ is one of the algebras 
(M h (F),t), (M h (F),s), or (M kl (F) x M h (F)°P, *) (I = 1, ... ,p), respectively. Let 
us take S = Ci x • • • x C p , T = Id* (A), g = dim^ J(C/), s = nd(U). Then the 
F-algebra A' = 7Z q . s (B,T) defined by d3]) is a finite dimensional F-algebra with 
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involution. By Lemma [3] the algebra A' satisfies the claims of Lemma [H and 
ld*(A')=T = ld*(U). □ 

In particular, any finite dimensional i^-algebra with involution A can be naturally 
embedded to the *-algebra A F, which is finite dimensional over the algebraic 
closure F 5 F. By this argument our study of identities with involution can be 
reduced to finite dimensional algebras specified in Lemma 01 

We will assume without lost of generality that a finite dimensional *-algebra A 
over a field F always satisfies the claims of Lemma [U It means that a basis of 
A can be always chosen in the set Dq U D\ \J\Jq\MJ\. Notice that Dq U D\ is a 
*-homogeneous basis of the semisimple part B = C\ x • • • x C p of A. Particularly, for 
multilinear *-polynomials it is enough to consider only substitutions of Dq U Uq for 
the symmetric variables, and D\ U U\ for the skew-symmetric ones. A substitution 
of basic elements from Dq U D\ U Uq U U\ © , ([6]) for a multilinear *-polynomial is 
called elementary. Elements of Dq U D\ are called semisimple, whereas elements of 
Uq U Ui are called radical elements. 

Definition 2 Let A = B © J be a finite dimensional algebra with involution over a 
field F, B = B + d)B~ a maximal semisimple *-invariant subalgebra of A, and J{A) = 
J the Jacobson radical of A. Denote by dims*A = (dimi? + , dim£>~) dimensions of 
the symmetric and skew- symmetric parts of the semisimple subalgebra B, denote by 
nd(A) the nilpotency class of the radical J. Define the parameter of A as par^^A) = 
(dims*A;nd(A)). 

The 4-ple cpar^(A) = (par^(A); dim J(A)) we call the complex parameter of A. 

Recall that n-tuples of numbers are ordered lexicographically. It is clear that for 
any nonzero two-sided *-ideal I < A of A we have that cpar^( J 4/I) < cpar^(^). 

Let us define principle numeric parameters of the ideal of identities with involu- 
tion of a finitely generated *-algebra. 

Let / = f(s\, . . . , Sf;,xi, . . . , x n ) G F(X*) be a polynomial linear in all vari- 
ables S = {s\, . . . ,Sk} (S C Y or 5* C Z). We say that / is alternating in S, if 
f(Sff(i),---,8 er ( k -),x 1 ,...,x n ) = (-l) CT /(si,...,s fc ,xi,...,x n ) holds for any permu- 
tation a £ Sfc. 

For any polynomial with involution g(si, . . . ,s k ,xi, . . . , x n ) that is linear in S = 
{si, . . . , Sk} we construct a polynomial alternating in S by setting 

f{si, . . . , S k , Xl, . . . , X n ) = A S {g) = , • • • , S a (k),X U X n ). 

The corresponding mapping As is a linear transformation. We call it the alternator. 
Any polynomial / alternating in S can be decomposed as / = YliLi a i^s(ui), 
where the Ui's are monomials, on £ F. Properties of alternating polynomials with 
involution are similar to that of ordinary polynomials (see, e.g., [6], [8], [H]). Note 
also that a *-polynomial / is alternating in S iff its involution image /* is alternating 
in S. Particularly, any alternator commutes with involution. 
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Given a pair we say that a *-polynomial / G F(X*) has i- 

alternating variables (/ is i-alternating) if /(io, Zq, X) is linear in Yq U and / is 
alternating in Yq = {y^ , . . . , y\ + JCF, and Zq = {zj 1 , . . . , }CZ independently. 

Definition 3 Fix t = (t + ,t~) G Nq. Suppose that t%, . . . , r m G Nq are some (possibly 
different) pairs satisfying the conditions tj = ( T j~ i T ^f) > * / or J = 1, £e£ 
/ G F(Y,Z) be a multihomogeneous * -polynomial in some symmetric and skew- 
symmetric variables. Suppose that f = f(Si,...,S m+ ^;X) has m collections of 
Tj -alternating variables Sj = Yj U Zj (j = l,...,m), and Li sets of t- alternating 
variables Sj = Yj U Zj (j = m + 1, . . . , m + fi). We assume that all these sets are 
disjoint. Then we say that f is of the type (t;m;fi) = (i + , t~ ; m; fj,) . Here Yj C Y 
are symmetric, and Zj C Z skew- symmetric variables, and \Yj\ = Tj, \Zj\ = t~ 
for any j = 1, ... , m, or \Yj\ = t + , \Zj\ = t~ for all j = m + 1, . . . ,m + /i (f is 
alternating in each Yj, Zj, j + 1, . . . , m + fj,). 

Observe that a multihomogeneous polynomial / of a type (i; m; n) is also of the 
type (t;m';n') for all m! < m, and /x' < /j,. Particularly, any nontrivial multilinear 
*-polynomial in Y U Z of degree m has the type (0,0;m;//) for any \x G No- Note 
also that multihomogeneous polynomials / and /* have always the same type. 

Definition 4 Given a *T-ideal T < F(Y,Z) the parameter f3(T) = (t + ,t~) is the 
greatest lexicographic pair t = (t + ,t~) G Ng such that for any s G N there exists a 
^-polynomial f ^ T of the type (t; 0; s). 

Any finitely generated Pi-algebra A satisfies the ordinary Capelli identity of some 
order d ([8], [II]). Hence any polynomial / G F(Y,Z) of the type (ti,tz;0; s) with 
t\ > d or ti > d (s G N) belongs to Id* (A). It means that the parameter /3(F) is well 
defined for any proper *T-ideal F <F(Y, Z) of identities with involution of a finitely 
generated *-algebra. The next parameter is also well defined. 

Definition 5 Given a nonnegative integer /i let ^j{F; n) = s G N be the smallest 
integer s > such that any ^-polynomial of type (/3(F); s; fj,) belongs to F. 

j(F; fi) is a positive non-increasing function of \i. Let us denote the limit of this 
function j(F) = lim 7(1?; fj) G N. 

(I— >oo 

Then cu(F) is the smallest number fx such that j(F; fj,) = j(F) for any ll > ju. 

Definition 6 We call by the Kemer index of a * T-ideal F the lexicographically or- 
dered collection ind*(T) = ({3(F); ^(F)). 

Let us denote ui(A) = u(ld*(A)), -/(A; ll) = ~t(ld*(A); fx), ind*(A) = ind*(Id*(A)), 
where A is a finitely generated Pi-algebra with involution. 

It is clear that A is nilpotent of class s algebra with involution if and only if 
ind*(A) = par, (A) = (0,0; s) (oj(A) = 0). 
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Definition 7 Given a nonnegative integer p a nontrivial multihomogeneous poly- 
nomial f G F(Y, Z) is called p-boundary polynomial for a *T-ideal T if f ^ T, and 
f has the type (/3(T);7(T) -l;p). 

Let us denote by S^tT) the set of all p-boundary polynomials for T. Denote also 
S^A) = S^A)), K^T) = *T[S^T)], K, A = K,{ld*{A)) = *T[S,(A)}. 

Any ideal of *-identities T ^ F(Y, Z) of a finitely generated algebra has multi- 
linear boundary polynomials for all p G No- Moreover, a polynomial / belongs to 
Sfj,(T) along with its full multilinearization /, and its involution image /*. 

Note that the definitions of the Kemer index and boundary polynomials for 
*T-ideals are adaptations of the corresponding definitions for graded identities |15j . 
Thus, the literal repetition of the proofs of their properties for graded identities [15] 
also proves the same properties for identities with involution. 

Lemma 6 Given *T-ideals T\, r 2 C F(Y, Z) admitting the Kemer indices, we have 
the next properties: 

1- If Ti C r 2 then ind*(Ti) > ind*(T 2 ). 

2. ind*(Ti nTo) = maxind*(TA 

i=l,2 

3. ind*(.A) < par^A) for any finite dimensional *-algebra A. 

Lemma 7 For any *T-ideals V±, r 2 C F{Y,Z) satisfying T% C r 2 one of the fol- 
lowing alternatives takes place: 

1. ind*(ri) = ind*(r 2 ), and S„(T X ) D S„(r 2 ) V/i£N ; 

2. ind*(Ti) > ind*(r 2 ), and S^iTi) C T 2 for some p G No- 

Moreover, in case T% C T 2 the conditions ind*(Ti) > ind*(T 2 ) and S^(Ti) C 
T 2 (correspondingly the conditions ind*(ri) = ind*(r 2 ) and S^(Ti) D 5 At (r 2 )j are 
equivalent for some p G No- 

Lemma 8 Given *T-ideals V, T%, F p of ^-identities of finitely generated PF 
algebras with involution we have: 

1. If ind*(Tj) < ind*(r) for all i = 1, . . . , p then there exists p G No such that 

p 

S^(T) C f) Ti for any p>p. 

i=l 

2. If ind*(Tj) = k for any i = 1, . . . , p then for any p G No holds 

i=l i=l i=l i=l 

3. ind*(r) > ind*(r + K^{Y)) for any p G Nq. 
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3 *PI- reduced algebras. 

Let us consider finite dimensional *-algebras which have the smallest parameters for 
the same *-identities. 

Definition 8 We say that a finite dimensional algebra A with involution is 

*PI-reduced if there do not exist finite dimensional *-algebras A±, . . . ,A g (g £ NJ 
e 

such that Pi Id*(Ai) = Id* (^4), and cpar *(Ai) < cpar^A) for all i = 1, . . . , g. 
i=l 

Similarly to the case of ordinary identities ([5], [8]) and graded identities ([I], 
|15j ) the next natural facts are also take place for algebras with involution. 

Lemma 9 Given a *PI-reduced algebra A with the Wedderburn-Malcev decomposi- 
tion ([IP A = (C\ x • • • x C p ) © J, we have C^^JCfj^J ■ ■ ■ JC a ^ ^ for some 
a € S p . A *PI-reduced algebra A has no two proper two-sided *-ideals I±,l2 < A 
satisfying I\ fl 1% = 0. 

Particularly, nd(A) > p always holds for a *PI-reduced algebra A. 

Lemma 10 Any finite dimensional algebra with involution is * PI- equivalent to a 
finite direct product of finite dimensional *PI-reduced algebras. 

Lemma [10] along with Lemmas [71 [8] immediately implies the following. 

Lemma 11 A finite dimensional *-algebra A is * PI- equivalent to a direct product 
0{A) x y(A) of finite dimensional *-algebras O(A), y(A) satisfying ind*(j4) = 
ind*(0(A)) > ind*(^(A)). Moreover O(A) = A\ x • ■ • x A p , where A { are *PI- 
reduced, and ind*(ylj) = ind*(0(j4)) for all i = 1, . . . , p. There exists fi G No such 
that S^{A) = Sp{0{A)) = Uf =1 S^Ai) C ld*{y(A)) holds for any ft > ju. 

Definition 9 0{A) is called the senior part of A, y(A) is called the junior part of 
A. The algebras A,- L (i = 1, . . . , p) are called the senior components of A. jl(A) is the 
minimal fi G No satisfying the conditions of Lemma 

We have the next relations between the Kemer index and the parameters of 
*PI-reduced algebras. 

Lemma 12 Given a *PI-reduced algebra A we have /3(A) = dims*A Any *-simple 
finite dimensional algebra C is *PI-reduced, and ind*(C) = par^C) = (t\,t2', 1). 

Proof. For a nilpotent algebra A the assertion of lemma is trivial. Assume that 
A is a non-nilpotent *PI-reduced algebra with dims*^ = (ti , £2) • From Lemma [6] 
it follows that (3(A) < dims*A Thus it is enough to construct for any s £ N a 
*-polynomial of the type (ti, t%\ 0; s) which is not an identity with involution of A. 
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We can assume that A has decomposition ([2]) specified by Lemmas [21 SJ Consider 
any *-simple component G\ (I = l,...,p), and take s sets of distinct symmetric 
variables Y^ m = {y^mj^jA G Y\{iuji) € T{\ corresponding to the symmetric basic 

elements df^-^ and s sets of distinct skew-symmetric variables Z[ tTn = {z^m^iat) G 

^ J\\ corresponding to the skew-symmetric basic elements dj^. (see ©), 
where m = 1, . . . , s. Consider also the set of ordinary variables (neither symmetric 
nor skew-symmetric) X\ = {^(j^/j') |1 < hijh^j'i — h} f= We say that the 
variable Xi^j li2 j 2il ^ connects the variables yi, m ,(iiji) an d VhrnAnj^) ( or ^ ne variables 

^i,m,(iiji) and £2,^1,(12.72) )■ 

Let Z, m be fixed, we consider the *-monomial w\ m (Yi m , Z\ m , X{) that is the 
product of all variables y^mJi^), and all variables Zj m,(ijjj) connected by the vari- 
ables xiujjijij, correspondingly (I = l,...,p, m = l,...,s). For example, if 
Q = (M 3 (F),t) then we obtain 

Wl t m = y2,m,(ll)^,(ll,21)yz,m,(12)^,(21,31)K,m,(13) a; Z,(32,21)yj,m,(22) a; 2,(22,32)2/2,m,(23) 
x l,(33,32)yi,m,(33) x l, (31, 23) z l,m,(12) x l, (21,31) z /,m,(13) x «, (32,31) z /,m,(23)- 

The unit element of C\ can be decomposed as e\ = Y^sl=i E i Sl si m cases ((7J), ©, and 
e i = JLs l i=i( E isi8 V Elsm) in case Q. Let us denote also = E Uljl for all j[ 

for algebras Cz of the types ©, ©, or = (E Hl j v E^) for the algebra Cj 

of the form Q . Thus by Lemma [9l we can assume that A contains an element 

where n G J are some radical elements, and ey- = e,) ...... 

Consider the *-monomial W x = • (n^iKfti,^) " w l,m)) ■ ^.(t,,,,,,*^ 

where s; are given by (fTUj) . and fy, i| are chosen to connect the word w^ m with w^ m+ i. 
Let us denote Y" (m) = Uf=i^,m, and Z (m) = (Jf =1 Zj, m . It is clear that |F( m )| = i ls 
l-^(m) I = ^2 for any m = 1, . . . , s. Then the polynomial 

s 

f={\[M {m) A Z{m) ){W 1 x 1 W 2 x 2 ---x p ^W p ) (11) 

m=l 

is alternating in Y m C Y and Z m C Z for all m = 1, . . . , s. Here the variables Xi C 
X, JT,' = {xj /. ■ ,•<•/% 1 1 < < ki} C X and x/ G X are not ^-homogeneous 

(I = 1, . . . ,p). Consider the substitution for / as follows 

yi,m,{nh) = ((*«>i0 G ^,m,(i U! ) = ((*J>ii) e ^); 
^.(Wif) = e Sj i ,^')' ( x ^ ^ ^ £ a = e ? r 9 e «+i; 

^fe'i,^') = e S; otherwise, (1 < < h); 

1 = 1,.. .,p; q = l,...,p-l; m = l,...,s. (12) 
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The elements from the simple component C\ cannot be substituted for the variables 
of W q , I ^ q, with a nonzero result. Therefore, the result of the substitution 
(fT2"j) applied to / coincides with the result of the same substitution applied to the 
polynomial 

s s 

f'= ((II ^n,m^z lim )Wi)xi >*r P , m Az p ,JW p ). 

m=l m=l 

For any m the set Y^ m contains at most one variable yi, m ,{idi) f° r the same P a i r 
G T[ (correspondingly, the set Z m contains at most one variable z^mJim) f° r 
the same pair G Ji). Since we fix positions for (ii,ji) in the direct (and in the 

opposite if necessary) component of C\ uniquely by Xi uij »",•//•) = ef), ., .„ .„, then the 

substitution ([12]) applied to the polynomial /™ = (Ilm=i m -^- z i gives the 

result 2^ei; Si , € No- Hence the result of the substitution (fT2|) to the polynomial 
/ gives the nonzero element (jlOp of A Therefore, we obtain / ^ Id* (A). 

Consider the exchange ([I]) of variables Uf=i(^ U ^ U {^z}) by the sums of 
corresponding symmetric and skew-symmetric variables. Then at least one multiho- 
mogeneous component / G F(Y, Z) of / is also not a *-identity of A. Recall that / 
is alternating in Y( m ), and Zr m ) ( m = !,■■■,§). Thus / is the required polynomial. 

Notice that the condition of *PI-reducibility of A is used in the proof only to 
find a non-zero element (jlOp in A. Thus in the case of a *-simple algebra A (p = 1) 
this condition is not necessary. In this case we can take instead of (|l(jp . and 
we also obtain /3(A) = dims*A A finite dimensional *-simple algebra is semisimple, 
nd(.A) = 1, and cpar^-A) = (dims*vl; 1; 0). Taking into account that ind*(A) < 
par* (A) = ((3(A); 1) (Lemma|6}, and 7(A) > we obtain ind*(^4) = pav^(A) for a 
*-simple algebra. By Lemma[6]the conditions dim J(A) = 0, and ind*(A) = par^(j4) 
imply also that A is *PI-reduced. □ 

Definition 10 Assume that a finite dimensional algebra with involution A satisfies 
the claims of Lemma \Q An elementary substitution (oi,...,o„) of * -homogeneous 
elements of A (namely, ai € Dq U D\ U Uq U U\ C A (^)) is called incomplete if 
there exists j G {1, . . . ,p} such that 

{ai, . . . ,a n } n [Cj ef^ 1 (ejJei + eiJEj)) = 0. 

Otherwise, the substitution (a\, . . . , a n ) is called complete. 

Definition 11 An elementary substitution (a\, . . . ,a n ) G A n is called thin if it con- 
tains less than nd(A) — 1 radical elements (not necessarily distinct). 

Definition 12 We say that a multilinear * -polynomial f(yi, ■ ■ ■ , y ni , z±, . . . , z n , 2 ) G 
F(Y, Z) is exact for a finite dimensional ^-algebra A if f(a%, . . . , a n ) = holds in A 
for any thin or incomplete substitution (a\ } . . . , a n ) G A n (n = n\+ r^J. 
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Lemma 13 If A is a *PI-reduced algebra then any multilinear polynomial of the 
type (dims*^4; nd(^4) — 1; 0) is exact for A. 

Proof. It is clear that a *PI-reduced algebra is either not semisimple or *-simple. 
For a *-simple finite dimensional algebra any multilinear ^-polynomial can be as- 
sumed exact. A multilinear polynomial of type (0, 0; nd(^4) — 1; 0) has the full degree 
greater or equal to (nd(A)-l). Hence it is assumed to be exact for a nilpotent algebra 
A. 

Suppose that A is neither nilpotent nor semisimple, and / G F(Y, Z) is a mul- 
tilinear *-polynomial of the type (dims*^4; nd(^4) — 1;0). Under a thin substitution 
at least one of s = nd(A) — 1 collections of tj -alternating variables of / will be 
completely replaced by semisimple elements. Since tj > dims*j4 for any j = 1, . . . , s 
then the result of the substitution will be zero. 

By Lemma HI it is clear that dimp > for any I = 1, . . . ,p. Therefore, an 
incomplete substitution cannot contain all semisimple symmetric elements from Dq 
((SJ). Taking into account the conditions Tj > dims*j4, j = 1, . . . , s, we obtain that 
at least two variables of every collection of Tj-alternating variables of / must be 
replaced by radical elements, otherwise the result of the substitution will be zero. 
Thus, the result of an incomplete substitution to the polynomial / is zero. □ 

Lemma 14 Any nonzero *PI-reduced algebra A has an exact polynomial, that is 
not a ^-identity of A. 

Proof. For a nilpotent algebra A the assertion follows from Lemma [131 Suppose 
that A is a non-nilpotent algebra satisfying the claims of Lemma HI Consider its 
subalgebras Ai = ( j[ Cj) © J(A) for all i = l,...,p. Take q = dimp J(A), 

i<j<P 

s = nd(j4) — 1. Then by LemmaH A = A\ x • • • x A p x lZ qs (A) is a finite dimensional 
*-algebra satisfying Id*(^4) C Id*(^4). Let {n, . . . , r q } C UqUUi be a *-homogeneous 
basis of J(A) of the form ([6]). Consider the map (p defined by ip(yj) = Tj if r,- is 
symmetric, (f(zj) = Tj if Tj is skew-symmetric (for all i = 1, . . . , q), and (p(b) = b for 
any b £ B. Then <p can be extended to a surjective *-homomorphism <p : B(Y q , Z q ) — > 
A. It follows that any multilinear polynomial / € Id* (Tl q S (A)) is turned into zero 
under any thin substitution. It is also clear that any incomplete substitution in a 
multilinear *-polynomial / € Id*(x^ =1 Aj) yields zero. Therefore, any multilinear 
polynomial / G Id* (A) is exact for A. Remark that cpar^(^4j) < cpar^^) (1 < i < 
p), and cpar !f (7^ 9jS ( J 4)) < cpar^A). Since A is a *PI-reduced algebra then Id* (A) ^ 
Id* (A). Any multilinear polynomial / such that / £ Id*^), and / ^ Id* (A) satisfies 
the assertion of the lemma. □ 

Lemma 15 Let A be a finite dimensional *-algebra, h an exact * -polynomial for A, 
and a € A n a complete substitution in h containing exactly s = nd(A) — 1 radical 
elements. Then for any fj, G No there exist a ^-polynomial h^ € and an 

elementary substitution u from the algebra A into h^ such that: 
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1. ha(2i, . . . , Zg + ^, X) is Tj- alternating in any set Zj with Tj > (3 = dims*^4 for 
all j = 1, . . . , s, and is f3 -alternating in any Zj for j = s + 1, . . . , s + fi (all the 
sets Zj, X C (Y U Z) are disjoint), 

2. h^{u) = ah{a) for some a G F, a ^ 0, 

3. all variables from X are replaced by semisimple elements. 

Proof. If h(a) = then the assertion of lemma is trivial. It is sufficient to take 
any consequence h^(Z\, . . . , Zs + ^) G *T[h] that is alternating in Zj as required (we 
assume here that X = 0), and replace the variables of the alternating set Zj by equal 
elements. Particularly, from conditions nd(A) = 1, p > 2 it follows that h(a) = 0. 

Assume that h{a) ^ 0. Let us consider the case nd(v4) > 1, p > 2 in de- 
composition (|2|) of the algebra A. We can suppose for simplicity that the sub- 
stitution a has the form a = (rin> ■ ■ ■ , rgwjir), b\, . . . , 6 n _g), where 1 < 
V„X <P+h {!,••• ,P} Q {I'sX |1 < a < Q} for 'some q < s, l' s ± \» for any 
s = l,...,q. Here we have elements b\, . . . , G Do U D\ (J5J), and r s m \n\ G 

U Q U Ui ©, where r s ^ Vs>V i) = {e v r s e v > + e / »r*e i /)/2 if r S){l ,j,,) is a symmetric 
element of A, or r s aijn\ = (ei< s r s £i>j — £;»r*e^)/2 if r s n>j"\ is skew-symmetric 
(s = 1, . . . , s). Particularly, without lost of generality we can consider the substitu- 
tion a = (ri i (i ) 2),r 2) ( 3| {/'),. • . ,r qt (i' q)P ), ■ ■ • ■ ■ ,b n -s)- 

Let us take for any I = l,...,p the monomials wi >m (Yi >m , Z\ jfn , X{) specified 
in Lemma CGJ where m = 1, . . . , s + fj,. Construct the *-polynomial fi(Yi, Zi,Xi) = 

' w l,m)) ' s i ) (t, s , ) s,t')) ' wnere t/, tj connect the words 
wi :m and Wi >m+ i like in LemmadH and Y t = Umtfi *i,m, ^ = Um=l Z l,m- Make the 
replacement x^^ = (S x yi,( iljl )+S 2 h,(im)+ 5 z Vl,M) +Si 5 '.(^'))/ 2 ' ^fcji.ifo') = 

(f 5 ^fti,)"^ *Ui,) + * 7 ^(^t))/ 2 of the variables x Wmm^WiiiM) G 

X; by the combination of corresponding symmetric and skew-symmetric variables 

Yi = {yiAnh)^i,{iii } )\ 1 ^ ^ k i}' Zi = {K{im)^i,{k3i)\ l - - k d P airwise 
different and disjoint with Yj U Z\, 5 C G {0, 1, —1} (c = 1, . . . , 8). Let us denote by 

fl(Yi, Z h Y h Z{) = (fi + fi)/2 G F(Y, Z) the symmetric part of the *-polynomial ft 

after this replacement. Consider the polynomials 

h'(Z 1 , Z~ s +^ X) = h(fl O f 2 O ^1, / 3 O ( 2 , . . . , f p O ( q , Cq+l,- --,CS, El, ... , Xn-s^j J 

and h^Zi, . . . , Zs+n, X) = ^ JJ (^(o) • A^))\h'{Zx, ■ ■ ■ , Z s+fl , X). 

m=l 

Here Z m = Uf =1 (Yj, m U Z Zj?n ) U {Cm} if m = 1, . . . , s, and Z m = [fi=i{ Y i,m U ^, m ) 
for m = s + 1, . . . , s + /j,, X = \Jf =l (Yi U Z{) U {xi, . . . , x n s}- Here the variable ( s is 
symmetric if the element r a m jn) of the substitution a is symmetric, and £<, is skew- 
symmetric when r a ntjn\ is skew-symmetric. Similarly, a variable Xj is symmetric or 
skew-symmetric according to the respective element b% of the substitution a. Notice 
is a subset of all symmetric variables of Z m , and Z^ is a subset of all 
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skew-symmetric variables of Z m . Particularly, Z$ = Uf=i ^,m> %m = Uf=i Zl,m 
for any m = s + 1, . . . , s + Since any polynomial // is a symmetric element of 
the free algebra with involution then /; o Q s is also symmetric (skew-symmetric) as 
soon as Cs is symmetric (skew-symmetric). Thus, the polynomial G *T[h] is well 
defined. 

It is clear that the polynomial is Tj -alternating in Zj with tj > /3 = dims* ^4 
for all j = 1, ... , s, and is /3-alternating in Zj for j = s + 1, . . . , s + /i. 
Consider the next substitution of the polynomial 

yi, m ,(im) = 4?^ e z '); = d u!iv (fart e 

Cs = a s = r Si (i' s j>jy, x n > = a n > +s = b n >; (13) 

l = l,...,p; m = 1, . . . , s + fi; 1 < s < s; l<n'<n — s. 

The elementary substitution of the variables of the sets Yj, Zi, and the coefficients 
5 C G {0,1,-1} are chosen to guarantee ajj,^,,,^') = (1 < k, j' t < k, 



l<l<p); and s{ >(Wl>i{j - = eg, (1 < ^mU' < h) if Q = (M kl (F),*) 
* G 0, ®, or < ( . J . i , j , ) = (£^,,(-1)*'^,) if Q = (M kl (F)xM kl (Fr,*) 

Due to the substitution of the variables of Yj U Z[, the polynomial can contain 
only elements of the simple component C\ or elements r s ni yi\ with l' s = I" = I, 
otherwise, we get zero. The second case will give us a thin substitution to the 
polynomial h, thus, such summands are also zero. Therefore, the substitution (]13p 
to the polynomial will give the same result as this substitution to the polynomial 



with 



h[f{ o f 2 o Ci, /a o £>, . . . , f' p o ( q , ( q+1 , ...,Cs, x n - 

where // = (Hm=l Ay t ■m,Az x m )fl- Similarly to arguments of Lemma [TH we can see 
that the result of our substitution to the polynomial // = (Ilm=l Ay l m Az t m )/z is 
equal to 2^e/. Since E\ is symmetric, and // is the symmetric part of then for 
// our substitution also yields 2«£j, and for the polynomial it gives the result 
ah{ei oe 2 o r 1)(1)2 ),E3 ° r 2,(3,q)i •• • ,£p r q ,(i> q , P ), ■ ■ -M-,-- ■ ,b n -s) = ah(m,.. . ,a n ) 
for a = 2^, £ = 5^f=i6- Therefore, /i^ is the desired polynomial. The substitution 
u is given by (fT3|) . 

The case p = 1 is analogous to and simpler than the previous one. If in the case 
p = 1 we have (ei/2) o /i(ai, . . . , a n ) = /i(ai, . . . , a n ) then we need to consider the 
substitution (I13P to the polynomial 



S+A* 

/i 



m=l 



Y[{A z (a) •A z g)))fiah(Ci,...,Ch x 1 ,...,x n - S j. 



Otherwise the substitution a contains an element r a n 2), and the construction is 
similar to the previous case. In case p = the algebra A is nilpotent, and we can 
assume that = h, and u = a. □ 
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Lemma 16 Let A be a *PI-reduced algebra then ind*(^4) = par* (A). If f is an 
exact polynomial for A, and f £ Id* (A) then *T[f] n S^A) ^ for any /j G No- 
Proof. By Lemma 114} A has an exact polynomial / which is not a *-identity 
of A. Next, / can be nonzero only for a complete substitution containing exactly 
(nd(vl) — 1) radical elements. Lemma [T5l implies that / has a nontrivial consequence 
g $l Id* (A) of type (dims*A; nd(A) — 1; /x) for any \x G No- Since by Lemma [T2l we 
have f3(A) = dims*^4 then Definition [5] implies that j(A) > nd(A) — 1. Taking into 
account ind*(^4) < par* (A) we obtain ~y(A) = nd(^4). 

Moreover, by Lemma [T5l any exact for A polynomial / that is not a *-identity of 
A for any fi G No has a nontrivial consequence G *T[f], where g^ is /z-boundary 
polynomial for A. □ 

Lemma [16] together with Lemma [13] immediately implies 

Lemma 17 Any multilinear ^-boundary polynomial for a *PI-reduced algebra A is 
exact for A. 

Lemma 18 Given a *PI-reduced algebra A, and a nonnegative integer fj,, let Sa,^ be 
any set of '* -polynomials of type (/3(A); 7(A)— 1; fj,). Then any multilinear ^-polynomial 
f G *T[S A J] + Id* (A) is exact for A. 

Lemma 19 Let T be a proper *T-ideal, and A a *PI-reduced algebra such that 
ind*(r) = ind*(^4). Suppose that a -^-polynomial f satisfies the conditions f £ Id* (A), 
and f G Kp,(F) + Id* (A) for some /i 6 No. Then for any [i £ No we have that 

*T[/]ns M (A)^0. 

Proof. The full linearization / G F(Y, Z) of a some multihomogeneous component 
of / also satisfies / G 2f A (T) + Id* (A), f £ Id* {A). Then by Lemma US] / is exact 
for A. Now by Lemma Ql we obtain that / *T[f] n S^A) C *T[f] n S^A) for any 
(J, G Nq. □ 



4 Representable algebras. 

Let R be a commutative associative F-algebra with unit. Suppose that an F-algebra 
A with involution has a structure of .R-algebra, and the involution of A is i?-linear, 
i.e. ra = ar, (ra)* = ra* for all r G R, a G A Particularly, this happens if R = F 
or if R C Z(^4) n ^4 + , where -Z(yl) is the center of A, and A + is its symmetric part. 

Definition 13 Any R-multilinear mapping f : A n —> R is called n-linear form on 
an R-algebra A with involution. 

We construct an analogue of the free algebra with forms for algebras with involution 
(see also [9], p], pj). 

Let us fix a bilinear form f2, and a linear form fi. Denote by S the free associative 
commutative algebra with unit generated by all symbols j2(ui,U2), f 1(1*3), where 
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ui, u 2 , U3 G F(X*) are nonempty associative noncommutative *-monomials in X* (or 
ui,u 2 ,u 3 €F{Y,Z)). We say that FS(X*) = F(X*)® F S (FS(Y,Z) = F(Y,Z)® F 
S) is the free *-algebra with forms (the free algebra with forms and involution). We 
assume that (/<8>si)s 2 = s 2 (f ® s±) = /<8>(sis 2 ) for all / G F(X*}, si,s 2 G S. The 
involution on FS(X*) is induced from F(X*) by (/ <g> si)* = f* ® s 1 . The elements 
of FS{X*} are called ^-polynomials with forms. The elements of S are called pure 
form * -polynomials. 

Next, F(X*} <g) F 1 will be identified with F(X*}. The symbol ® will be usu- 
ally omitted for ^-polynomials with forms. The degrees (homogeneity, multilin- 
earity, alternating etc., respectively) of *-polynomials with forms or pure form 
^-polynomials are defined similarly to the case of ordinary ^-polynomials assum- 
ing that deg x f 2 (ui, u 2 ) = deg x u\ + deg x u 2 , degj.fi (ui) = deg x ui for any x G X 
(xeYUZ). 

The 5-bilinear form f 2 : FS(X*) 2 ->• S is defined on the 5-algebra FS(X*) 

by h(^2i u i s i^j u 'j s 'j) = Y^ijh( u i, u 'j) s i s 'ji where Ui,u'j G are monomials 

in X*, s^s'j G S. The 5-linear form fi : FS(X*) -> 5 is defined on FS(X*} by 
fi(Si n « s i) = Z)jfi( u ») s i) where Uj G F(X*) are monomials in X*, Sj G 5. 

Let A be an i?-algebra with involution and forms, f(xi,...,x n ) G FS(X*) a 
^-polynomial with forms. Then A satisfies the *-identity with forms / = if 
f(a\, . . . ,a n ) = for any ai,...,a n G A. The ideal of *-identities with forms 
Sid* (A) = {/ G F5(X*)| A satisfies / = 0} is an 5-ideal of FS(X*) invari- 
ant with respect to involution and closed under all *-endomorphisms of the al- 
gebra FS{X*) which preserve the forms. Observe that Sid* (A) has the prop- 
erty that 9l ■ f 2 (/,«&),(& ■ f 2 (<fc,/),<7i ■ fi(/) € Sid* (A) for any 9l ,g 2 G FS(X*), 
f G Sid* (A). Idealsof FS(X*) with all mentioned properties are called *TS-ideals. 
Given a *TS-ideal T, and given polynomials with forms /, g G FS{X*) the notation 
f = g (mod r) means that f — g £ T. Denote by *T5[V] the *TS-ideal generated 
by a set^V C FS(X*). 

Let T < FS(X*) be a *TS-ideal of FS(X*). Denote by / = Span F {f 2 (/, u)v, 
f 2 (uj)v, fi{f)v\f G F,u G F(X*),v G 5} < 5 the ideal of 5 generated by all 
elements of the forms f 2 (f,u), f 2 (u, /), fi(/), / G T, u G F(X*). Let «S = 5// be 
the quotient algebra. The quotient algebra with involution FS(X*) = FS(X*)/T 
(FS(Y, Z) = FS(Y, Z) /r ) has the structure of a 5-algebra. The-S-bilinear function 
f 2 : (FS(X*)/T) 2 -> S is naturally defined by f 2 (oi + T,a 2 + T) =J 2 (ai,a 2 ) + J, 
and the 5-linear function fi : (FS(X*)/F) — s> <S is defined by fi(a± + F) = fi(ai) +1, 
ai ,a 2 £ FS(X*). 

The ideal of *-identities with forms of FS(X*) coincides with L^ Moreover, 
FS(X*)/T is the relatively free *-algebra with forms for the *TS-ideal T. 

We also can consider the free associative *-algebra with forms FS{X*) and the 
relatively free *-algebra with forms FS(X*)/(F n FS{X*)) of a finite rank v G N. 

Let us take a finite dimensional F-algebra with involution A = B © J with the 
Jacobson radical J = J (A), and the semisimple part B. Consider for any element 
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b G B the linear operator : — >• 5 on the *-subalgebra -B defined by 

T fc (c) = 6o C , cGB. (14) 

It is clear that T Q , 1 f )1+Q2 f )2 = 0,%%^ + a 2 c ^b 2 f° r au a « ^ ^ &i £ B- If is a symmetric 
element with respect to involution then the subspaces B + , B~ are stable under 
If 6 is skew-symmetric then ( Z\ ) {B + ) C 1? , and %b{B~) C B + . Particularly, the 
trace of the operator is zero for any skew-symmetric element 6 € 

Then the bilinear form f2 : A 2 — >■ i 7 , and the linear form f 1 : A — > i 7 are naturally 
defined on ^4 by the rules 

f2{ai,a 2 ) = f 2 {bx,b 2 ) = Tr(T bl ■ 

fl(oi) = fi(6i) = TV(T 6l ), oj = ftj + r; G A, b % G B, r G J, (15) 

where Ti • T2 is the product of linear operators, and Tr is the usual trace. It is 
clear that fa is symmetric form satisfying fair, a) = for any r G J, a G A, and 
f 2 (01,02) = for any cii G A - , 02 G The linear form fa also satisfies fi(r) = 
for any r G J, fi(o) = for any a G -A - . Particularly, the next lemma holds. 

Lemma 20 A finite dimensional *-algebra A with the forms M5\) over a field F 
satisfies * -identities with forms 

fa(y,z)-f = 0, fa(~ z ,y)-f = 0, fa(z)-f = 0, 

where f G FS(Y, Z) is any form * -polynomial, y G 1", zeZ. 

Lemma 21 Given a finite dimensional *-algebra A with the forms U5\) over a field 
F, and a ^-polynomial f G F(Y,Z) of type (dims*^4, nd(^4) — 1,1) suppose that 
{yi, . . . ,11^} QY is the symmetric part, and {z%, . . . ,Zf 2 } C Z the skew-symmetric 
part of the set in which f is (duns* A) -alternating (t\ = dimi? + , t 2 = dimB~). 
Then A satisfies the * -identities with forms 

fa(yi,m)f = E*ii /L:=si°(S2°ifc) + E*Li /U^yio^o^), y 1 ^ 2 G y ' 

fa{Sl,h)f = J^i=l f\vi-=z\°{22°Vi) + YjiU f\z,:=z 1 o{z 2 oz l )-, %l,h G Z, 

fl(^l)/ = EiLi f\yi~yioyi + SiLi f\zi~yi°Zii y 
Proof. The *-polynomials with forms g t = fa(yi,y 2 )f ~ Yn=i f\yi:=yio(y 2 o yi ) ~ 

^2i=l f\z i :=y 1 o(y 2 oz i )i 92 — fai^l, Z 2 )f ~ ^2i=l f\y i :=z 1 o(z 2 oy i ) ~ Y2i=l f\z i :=z 1 o(z 2 oz i )^ 

93 = h(vi)f ~ ElLi f\vii=Si°vi ~ Th=i fU:=yio Zi are ^-alternating mZjQYUZ 
with Tj > dims* A for any j = 1, . . . , nd(A) — 1. It is enough to consider an elementary 

replacement of the variables Uj=i u {i/i>2/2, zi, ^2} U {yi, . . . , yt^Zi, . . . , z t2 } 

of Oi, 02, 53. It is clear that at least one variable of any set Zj should be replaced 
by a radical element, otherwise the result is zero. Hence, the variables y\, . . . ,yt t , 
zi, . . . , zt 2 , and yi,y 2 (or Zi,z 2 ) must be replaced by semisimple elements only, and 
the sets {y±, . . . ,y tl }, {z\, . . . , z t2 } must be replaced by pairwise distinct elements of 
the basis Dq, and D\ ([5]) respectively, otherwise gi also yields zero. 

Suppose that a polynomial f(x\, . . . , arj, . . . ) is alternating in a *-homogeneous 
set of variables x\,...,xi C Y (or from Z), and B C A is a *-homogeneous sub- 
space of A of symmetric (or skew-symmetric) elements with dimi? = t. It can 
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be directly checked (see also [5], Theorem J) that for an arbitrary linear operator 
X : B — > B, and for all pairwise distinct basic elements bi, . . . , 6j of B the equality 
TV(T)/(6 1; . . . , b h . . . ) = f(1(h), b h ...) + ••• + . . . , X(6 t ~), . . . ) holds in A, 
the replacement of other variables being arbitrary. 

The subspaces B + , and B~ are closed under the actions of Xg for any fei G 

£+, and X^X^ for any 6 a , S 2 G # + (or 61, 6 2 G #")• Particularly, Tr(T^) = 
TV(CT gi )+) + Tr 2 ((1- 6i )-), and Tr(X 6i X g2 ) = TY((T^ 2 )+) + Tr^X^)"), where 
(X) 5 is the restriction of the operator X on B s , 5 G {+, — }. The application of the 
remark above to the linear operators (T^) + , (Xg )~, (T^X^)" 1 ", and (Xj^Xg )~ 
completes the proof. □ 

Lemma 22 Let f(x%, . . . , Xk) G F(Y, Z) be a * -polynomial of a type (/3;7 — 1; 1) 
(for some j3 G Nq, 7 G N), and s(Ci, . . . , Cd) G S ({&, . .. , Q} Q Y U Z) be a 
pure form * -polynomial. Then there exists a * -polynomial g s (xi, . . . , xjt, Cl, • • • , Cd) G 
*T[/] such that any finite dimensional *-algebra A with forms U5\) having parameter 
pai^(A) = (/3;7) satisfies the ^-identity with forms 

s(Ci, ■■■)&)• f(xi,-- -,Xk) - g s (xi,.. . ,x fe ,Ci,. • ■ ,Cd) = 0. 

Proof. Assume that / is (dims*j4)-alternating in {x\, . . . ,x t }, t = t\ + £2- Let 
us take for any i = 1,. .. ,t\ a right normed jordan monomial Wi of the algebra 
(F(Y, Z)+,+, o) of type Wi = Cu°(Ci2 (- • • (CU-^Cj))) having even total degree in 
variables from Z, C,[j &YUZ, mi G N. Consider also for indices i = ti + 1, . . . , ii+*2 
arbitrary right normed jordan monomials U7j € i^(Y, Z) _ in FUZ of odd total degree 
in Z. Then from Lemma [2T1 it follows that the algebra A satisfies form *-identities 

f 2 (Cl, C 2 )/K, ...,w t ,X)- (/(Ci o (C 2 o Wl ), ...,Wj,X) + 
■■■ + f{w 1 ,...,Cio{C2Ow t ),X)) = 0, 
h(y)f(wi, • • • ,w t ,X) - (f(yowi, ...,w t ,X)-\ h /(wi, . . . ,y o w t ,X)) = 0, 

where c'i • C2 < Y or Cl • Ci C Z, and y € Y. 

By induction on the total number n = n\ + ni of forms fj we obtain the 

next equality f 2 (Cl , C2) ■ • ■ f 2 (C2n 2 -l, C2n 2 )fl(C2n 2 +l) - • fl(C 2 n 2 +n 1 )/(wi, ...,w t ,X) = 

Ya=i /(^Ji, • • • j wu,X) (mod Sid* (A)), where are right normed jordan sym- 

metric or skew-symmetric monomials, and Q G YL)Z are the corresponding symmet- 
ric or skew-symmetric variables. Hence, the equality f 2(141,^2) • • • f 2 (^2ri2-i, "U2n 2 ) x 

h{u2n 2 +l) ■ ■ ■ h{ u 2n 2 + ni ) f {XU ■ ■ ■ ,Xk) = 9(u) 0^1, • • • , X k , Cl, • • • , Cd) ( mod Sid* (A)) 

holds for all ^-homogeneous elements U2i-i,U2i G F(Y,Z) 6 , 5 G {+, — } (i = 
1, . . . , 77-2), Ui G F(Y, Z) + (i = 2n2 + !,■•■, 2n2 + ni), where 9(u^ G *T[/] is some 
*-polynomial without forms. Observe that the structure of gr u \ depends only on the 
polynomials Ui, and Cl, • • • , Cd are the variables of the polynomial u\ ■ ■ ■ U2 n2 +m • 
Any pure form polynomial with involution s G S can be written in the form 

s(Cl,"-,Cd) = E(j) %') f2(%l,«j2)---f2(^2n 2 -l)%2™Jfl(%2» 2+1 )---fl(^2n 2 +n 1 )> 

where Uj t are *-homogeneous elements of F(Y,Z) (symmetric or skew-symmetric), 
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and O(j) G F. Taking into account Lemma [20] and arguments above we obtain that A 
satisfies the form *-identity s(Ci, . . -Xd)-f(xi, ■ ■ .,x k )-g s (xi, . . . ,x k ,&, ■ ■ ■ ,Q) = 0, 
where g s G *T[f] is a *-polynomial which does not depend on A. □ 

Let A be a finite dimensional *-algebra over a field F satisfying the claims of 
Lemma [H Assume that B is its semisimple part, and J is the Jacobson radical. 
Then denote dimB + = t±, dim I? - = i 2 , dim J + = qi, dim J - = q 2 . We take the set 
A u = {\eij\0 = 1, 2; 1 < i < v; 1 < j < tg + qe} for any positive integer v. Consider 
the free commutative associative algebra with unit -F[A„]# generated by K v , and 
the associative algebra V V {A) = F[Ky\^ ®p A. The algebra V V (A) has the structure 
of a F[A I/ ] # -module defined by a ■ f = f ■ a = f ■ (]T\ /, ® ai ) = J^iiffi) ® a i> for 
any /, G F[A„] # , a, G A, a = Ei/«® a iS V U {A). The involution on £V(A) is 
naturally induced from A by (/ ® a)* = / ® a*, / G F[Ay] # , a G A. 

We define the F[A^] # -bilinear map f 2 : ^(A) 2 -4 F[k u }# , and the F[A i ,] # -linear 
map fi : V V {A) -> ^[A„] # 

f 2 (a, a') = f 2 (^ /j (8) Oj, ^ /j (8) a'j) = ^ /j/j f 2 (aj, a'j), 

i j i,j 

fi(«) = fiE^®^) = E/^i^)- ( 16 ) 

i i 

They are well defined bilinear and linear forms on V v (A) , respectively. Here o« , a'- G 
A /i>/j £ ^[A-j/]*, and f 2 (aj,a^-), fi(aj) are the forms (fT5j) defined on A. 

We call by a Cayley- Hamilton type * -polynomial a degree homogeneous ^poly- 
nomial with forms of the following type 

x n + Y, a (i),(j) s <0 f2(x <1 ,^' 1 )---f 2 (x < *a,aJ'*2)f 1 (x < * a +i)...fi(x < *3+*i), 
«o+*iH — hifc 2 =«, 

0<io<n, l<k2+ki 

where otu\u\ G F. Note that here ij, ji > (Z > 0). 

For example, it is well known ([12], [13]) that the full matrix algebra M n {F) 
satisfies the Cayley-Hamilton identity with trace X n (x) = 0, which is defined recur- 
rently by the formulas X\(x) = x — Tr(x), X n {x) = X n -\(x) -x — - ■Tr(X n -i(x) -x), 
where Tr is the usual trace of matrix. Hence, M n {F) with any involution and with 
forms f 2 (a, b) = Tr(a-fe), fi(a) = Tr(a) (a, b G M n (F)) satisfies the Cayley-Hamilton 
type *-identity with forms X n (x) -x = 0, where X n (x) is the *-polynomial with forms 
obtained from X n (x) by exchange Tr(x s ) = fi(x s ), s > 1. 

Lemma 23 V U (A) satisfies a Cayley-Hamilton type ^-identity K.%f^\x) = /or 
some Cayley-Hamilton type -^-polynomial K-3t+i(x) of degree 3i + 1, t = t% + t 2 . 

Proof. Let us consider the semisimple part B oi A with operation o. Then B is a 
finite dimensional Jordan algebra, d\mB = t = t\ + i 2 . It is well known that this 
Jordan algebra satisfies the next relation 

T fe n= £ a fc <4 • T£- 2fc , 6G£, nGN, (17) 

0<fc<n/2 
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where the operators were defined by ()14|) . numbers G Q are fixed, that do not 
depend on b. It is clear that both of the operators T b 2 , and Tf, satisfy the Cayley- 
Hamilton identity with trace of degree t. If n = 3t then either k > t or n — 2k > t. 
Therefore, either or ^~ 2k j s expressed via the powers of lesser degrees and their 
traces. Thus, by applying the operator T fe 3t to the element b, we obtain 

b 3t+1 = <d),(J) ^ Tr ^) • • • Tr(i;r )Tr(Tf) • • • Tr(Tf ') (18) 

m+2(ii+-+i k ,)+ 

31 +• ■•+!,,// =3t+l, 

l<m<3t+l, l<k'+k" 

for any b G B, where the coefficients a' m y\ G Q do not depend on b. It can be 
directly checked also that for any s > 1 we have 

Tr(<r*) = < h(c s ) + £ <, f2(c Z ,c s -') 

l<Ks/2 

for some rational coefficients a'^ G Q, that do not depend on c, and for any c £ B. 
Particularly, this is true for c = b, and c = b 2 , b G B. Thus, it follows from (|18p 
that the associative *-algebra B with forms f)15|) satisfies the Cayley-Hamilton type 
*-identity with forms K.st+i(x) = of degree 3t + 1. 

Since A = B © J, J is nilpotent of class nd(A), and the forms f2, fi can be 
non-zero only on semisimple elements, we conclude that A satisfies K,^f^\x) = 
0. Next, F[A 

u\ is commutative non-nilpotent algebra, the involution of T ) U (A) is 
i^A^^-linear, and the forms f|16|) are FfAjy] ^-multilinear. Therefore it is clear that 
V V {A) = F[A U }# (g) F A also satisfies K^f{x) = 0. □ 
Let {6n, . . . , &ifi} be a basis of the symmetric part B + of the semisimple part B 
of A, dimi? + = ti, and {621, . . . , &2t 2 } a basis of the skew-symmetric part B~ of B, 
dimi? - = ^2, t = t\ + £2- Also let {fn, . . . ,r\ qi } be a basis of the symmetric part 
J + of the Jacobson radical J = J (A), dim J + = q%, and {r2i, . . . ,^2g 2 } a basis of 
the skew-symmetric part J~ of </(^4), correspondingly, dim J~ = qi- Recall that all 
these bases can be chosen belonging to the set Dq U D\ U Uq U U\ (([5]), ©, Lemma 
H|). Take the elements 

te He 

*)0i = X 6H ® + A ^'+*e ® G ^(A), 9 = 1,2, l<i<V. (19) 
i=i i=i 

All x\Qi are *-homogeneous (symmetric for 9 = 1, and skew-symmetric for 9 = 2). 
Consider for any positive integer v the F-subalgebra T V (A) = (t)Qi\9 = 1,2; 1 < 
i < u) of P„(A) generated by 2)* = {n ei |6> = 1,2; 1 < i < v). Then F U (A) is 
*-invariant. Any map (p of the generators to arbitrary *-homogeneous elements 
a gi G A (an G A+, a 2 i G A - , 5^ G F) 

te Qe 

y : t)gi <->• m = } ] aeijbej + U6ij+t g rej (9 = 1,2; i = l,...,v) (20) 
j=l 3=1 
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can be extended to the *-homomorphism of F-algebras (p : J- V (A) — > A, also inducing 
the *-homomorphism !p : V U {A) — > A defined by the following equalities 

fiii^hn ■ ■ ■ >>8 k i k j k ) ® a) = (ae lhjl ■ ■ ■ ae kikjk ) ■ a VaGA (21) 

Observe that the *-homomorphism (p preserves the forms defined by (|16p on V V (A) 
and by (fT5|) on A. 

The elements of F V (A) are called quasi-polynomials in the variables 2J*. Products 
of the generators rjg, G 2J* of the algebra F U (A) are called quasi-monomials. We 
have also that ld*(T„(A)) D ld*{V v {A)) = Id* {A) for any v G N. 

Recall that -7v(^4) is a finitely generated Pi-algebra. By Shirshov's height the- 
orem [14J J- V (A) has a finite height and a finite Shirshov's basis. More precisely, 
there exist an integer %, and elements wi,...,u>d G such that any ele- 

ment u G F U (A) has the form u = X)(i)=(ii «k) ^ii ' ' ' ^i* ' wnere k < ~H, 
{«!,..., ifc} C{l,...,d}, Cj G N, a (i ) G F. 

Consider the polynomials Si j a li ^ 2 ) = f2(w' 1 ,u>- 2 ) G FfA^]^ (i = 1,... ,d, h,l% = 
l,...,3t), and = fi(wj) G F[A U ]* (i = l,...,d, 1 = 1,..., St). Then F = 
^[^i,(h,h)^ih I 1 — * — ^! 1 < ^i,^2 < 3t ]* is the associative commutative 
F-subalgebra of F[A U ]# with unit generated by {Sj^^ ^^Sj;}, and by the unit of 

Take the *-invariant F-subalgebra %{A) = FF U (A) of V U (A). Then is 
a *-subalgebra of T U (A). An arbitrary map of type (|20|) can be uniquely extended 
to a *-homomorphism from T U (A) to A preserving the forms (it is the restriction 
of if defined by (|2ip onto T v (A)). It follows from Lemma [23] that all elements Wi 
are algebraic of degree nd(A)(3t + 1) over F. Therefore, by the Shirshov's height 
theorem, T V (A) is a finitely generated F- module, where F is Noetherian. By theorem 
of Beidar [3] the algebra T U (A) is representable. 

Let V C F(Y, Z) be a set of *-polynomials. We denote by V(%{A)) <%(A) the 
verbal *-ideal generated by results of all *-homogeneous substitutions of elements of 
71(A) to any *-polynomial from V. 

Remark 2 Given a set V C F(Y,Z), and a positive integer v, the verbal *-ideal 
V(T V {A)) is F-closed. The quotient algebra T U (A,V) = T U {A) /V (T U (A)) is repre- 
sentable F -algebra with involution. The ideal of * -identities of T U (A,V) satisfies 

ld*(T v (A, V)) 2 Id* (4) + *T[V] + Id* (F(Y V , Z u )/({\d*{A) + *T[V\) n F(Y V , Z v )fj. 

Definition 14 We say that a subset V C F(Y,Z) is * -multihomogeneous if V is 
^-invariant, and for any f GV it contains all multihomogeneous components of f. 

Lemma 24 Let A = A\ x • • • x A p be the direct product of arbitrary finite dimen- 
sional *-algebras A\,...,A p . Suppose that V C F(Y,Z) is a * -multihomogeneous 
set, and v > is an integer. Let us take any /(Cl) • • • > Cn) G Id*(7"v(A V)) 
(Q G Y U Z), and any ^-homogeneous ^-polynomials hi,...,h n G F(Y U ,Z V ) (hi 
symmetric or skew- symmetric in accordance with Q, I = l,...,n). Then the 
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equality f(hi,...,h n ) = J2j 5 j ■ Vjifj(uji, . . . ,u jm )v j2 (mod Sid* (AO) holds f or 
any i = l,...,p. Here fj are the full linearizations of some polynomials fj G V; 
Uji G F{Y U ,Z U ) are * -homogeneous * -polynomials; vji G F(Y U ,Z U ) are monomials, 
possibly empty; and Sj G S are pure form ^-polynomials in the variables Y v U Z v . 

Proof. Given a ^-polynomial f(Ci, • • • , Cn) £ Id*(Tt,(A V")), and arbitrary ^homo- 
geneous polynomials h\, . . . ,h n G F(Y U , Z u ), symmetric or skew-symmetric accord- 
ing to variables of /, we have f(h±, . . . , h n ) G V(%(A)). Here the quasi-polynomial 
hi = /ij(t)n, . . . , t)2v) is obtained by the replacement of the variables Y v U Z v by the 
corresponding elements of 2J*. Hence, in the algebra T V (A) we obtain the equal- 
ity f(hi,...,h n ) = J2j 5 j ' Vjifj(uji, ■ ■ ■ ,Uj n )vj2, where fj are the full lineariza- 
tions of polynomials fj G V, itj-j = Uji(t)u, ... ,t)2v) G ^/(-A) are *-homogeneous 
quasi-polynomials, Sj = Sj(t)ii, . . . , t)2w) G F are pure form quasi-polynomials, 
Ujj = Uj^tjn, • • • , rj2y) G Jv(^4) are quasi-monomials, possibly empty. 

An arbitrary map tp : 2J* — > A, from the generating set (I19p of J>(A) into 
any subalgebra A C A (i = l,...,p) can be extended to the *-homomorphism 
: 7~ U (A) — > Ai preserving forms. Then an equality of quasi-polynomials in the 
algebra T U (A,V) implies the equivalence of the corresponding form *-polynomials 
with respect to the *TS-ideal Sid* (A). □ 

Lemma 25 Suppose that Ai, . . . , A p are any *PI-reduced algebras with ind*(A) = K 
for all i = 1, . . . , p. Given a subset V C |Jf =1 S^Ai) (for any p, > X), and a posi- 
tive integer u, there exists a F '-finite dimensional *-algebra C v such that Id*(C v ) = 

id* (f(y u , z,)/((nf =1 id*(A) + *t[v]) n f(y u , z„))) . 

Proof. Let us take A = A\ X • • • X A p . By Lemmas [Ml EH for any /(Ci, • • • , Cn) G 
Id*(TV(A, V)) 3 and for any *-homogeneous ^-polynomials hx,...,h n G F(Y l ,,Z u ) 
(symmetric or skew-symmetric according to variables of /, i = 1, . . . , n) we have 

/(/ti, . . . ,/i n ) = y^SjVjifjiuji, . . . ,u jn )v j2 (mod Sid* (A)) = 
j 

VjigjVj2 (mod Sid* (A)) f° r any « = 1, • • • ,p. 

j 

Here G *T[V]; gj G *T[/j] nF(7„,Z,); Ujj G F(Y U ,Z U ) are *-homogeneous 
*-polynomials, Ujz G F(Y V ,Z U ) are monomials, possibly empty; Sj G 5. Then 
9 = EjVjigjVj2 G *T\y\nF(Y v ,Z„). Therefore f(h u ...,h n ) -g G Sid* (A) H 
F(Y„, Z„) = Id* (A) nF(y„ Z„) for all i = 1, . . . , p. Hence /(%, . . . , h n ) G (ld*(A) + 

*T[y]) n F<y„, z v ), and / g id* (f(y v , z u )/((u*(A) + *t[v}) n f(y u , z„») . 

By Remark[2]we have also that Id* (f^, Z ;/ )/((Id*(A)+*T[y])nF(y iy , Z„))) C 

Id* (TV (A, V)). The algebra 1~ U (A,V) is representable. Hence from LemmaOit fol- 
lows that there exists a finite dimensional over F *-algebra C u such that Id*(C„) = 

id* (T„(A, v)) = i&*(f{y u , z„)/((id*(A) + *r[y]) n F(y 1/ , z„))) . □ 
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5 Identities with involution of finitely generated alge- 
bras. 

Lemma 26 Let T be a non-trivial ideal of * -identities of a finitely generated associa- 
tive *-algebra over a field F of zero characteristic. Then there exists a finite dimen- 
sional associative F -algebra with involution A satisfying the conditions Id* (A) C T, 
ind*(A) = ind*(r), and S^(0(A)) n T = for some p G N . 

Proof. By Lemma [H T contains the ideal of *-identities of some finite dimensional 
*-algebra A. By Lemma [TTT we can suppose that A = O(A) x y{A) with the senior 
components Ai, . . . , A p . It is clear that k = ind*(r) < k\ = ind*(yl) (Lemma [6]). 
If T C Id* (Ai) for some i = l,...,p then k\ = ind* (Ai) = k. Thus, the case 
r C ld*(0(A)) is trivial. 

Assume that T £ Id* (Ai) for all % = 1, . . . , p x (1 < p x < p), and T C Id* (A"), 
where A" = x£ =pi+1 Aj, A' = x^A,. Consider the set V = S^(A')nT for p = p(A) 
(Definition [9]) . Take v = rk(D) for a finitely generated *-algebra D such that V = 
Id*(D). By Lemma [25| there exists a finite dimensional F-algebra with involution 
C„ such that Id*(C v ) = Id*(F{X*)/((Id*(A') + *T[V])f]F(X*))). 

Then A = C u x A" x y(A) is a finite dimensional algebra with involution. 
For any f(xi, . . . , x n ) G Id* (A), and for all *-polynomials fti, . . . , ft n G F(X*) we 
have f(h u ...,h n ) = h + g, where ft G Id* (A'), 5 G r n Id*(y(A)). Therefore, 
ft = f(h u ...,h n ) - g G Id* (A') nld*(A") n Id*(^(A)) = Id*(A) C T. Hence, 
/(fti, . . . , h n ) = ft + g G T for any hi,...,h n G F(X*), and Id* (A) C T by virtue of 
Remark [H Particularly, ind*(A) > n. 

Suppose that A" ^ 0. Then k\ = k = ind*(A). Thus, either ind*(C !/ ) = k 
implying 0(A) = A"xO(C u ), or wd*(C v ) < tt implying 0(A) = A". Since, S M (A")n 
T = then in the first case we use Lemmas El El HU and conclude that for any 
p > m&x{p(C u ), p} we have 5 M (C7(2))nr = S^CJnr C S M (A')nr C F C Id*(CV). 
Thus, in both cases S^C^A)) P|T = 0, and A satisfies the claims of the Lemma. 

If A" = then k < ind*(A) = max{ind* ind*(^(A))} < ki. If ind*(C„) = 
ki = ind*(A') then 0(A) = 0(C U ), and by analogy with previous case we apply 
Lemmas U\ ttH for any p > max{p(C v ), p} and obtain S^(0(A)) n T = 0. It also 
follows from Lemma [7] that ind*(A) = ind*(r), and A is also the desired algebra. 

The last case A" = 0, md*(C v ) < k\ gives A = C v x 3>(A) with Id* (A) C T, and 
K < ind*(A) < ki = ind*(A). Then by the inductive step on ind*(A) we can assume 
that the assertion of the Lemma holds in this case. □ 

Lemma [26l and Lemma [7] imply the corollary. 

Lemma 27 Let T be the non-trivial ideal of ^-identities of a finitely generated as- 
sociative algebra with involution over a field of characteristic zero. Then T contains 
the ideal of ^-identities of some finite dimensional associative *-algebra A satisfying 
ind*(r) = ind*(A), and Sp,(A) = Sp,(F) for some p G Nq. 
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Theorem 1 A non-zero * T-ideal of identities with involution of a finitely generated 
associative algebra with involution over a field F of characteristic zero coincides with 
the *T-ideal of identities with involution of some F -finite dimensional associative 
algebra with involution. 

Proof. Let T ^ (0) be the ideal of *-identities of a finitely generated algebra with 
involution D. We use the induction on the Kemer index ind*(r) = k = (/3;7) of T. 

The base of induction. Let ind^r) = (f3;j) with (3 = (0,0). Then D is a nilpo- 
tent finitely generated algebra. Hence, D is finite dimensional. 

The inductive step. Lemmas EU [27] imply V 2 Id* (A), where A = 0(A) + y(A) 
is a finite dimensional *-algebra with ind*(T) = ind*(^4) = k. Moreover, Sp,(T) = 
S (l (0(A)) = Sji(A) C ld*(y(A)) for some p G N . 

Let Ax, . . . ,A p be the senior components of the algebra A. We can assume that 
all Ai satisfy the claims of LemmaHl Denote (ti, ^2) = /?(r) = dims*^, t = t\ +£2! 
7 = 7(r) = nd(Ai) (for alH = 1, . . . , p). Let us take for any i = 1, . . . , p the algebra 
Ai = TZq uS (Ai) defined by (J3j) for the senior component Ai with = damp Ai, s = 
(i+l)(7+/t). Then Ai is a finite dimensional *-algebra. We have also Tj = Id*(^4j) = 
Id* (Ai), and dims^Aj = dims*^ = (3. The Jacobson radical J(A{) = (X*.)/I is 
nilpotent of class at most s = (t + 1)(7 + p), where I = Ti(Bi(X*)) + (X*.) s . 

Here the algebra Bi can be considered as the semisimple parts of Ai and of Ai 
simultaneously (Lemma [3j Lemma [T6|) . Particularly, the algebras Ai also satisfy the 
claims of LemmaHl By Remark [2] and Lemma[5] there exists a finite dimensional over 
F algebra with involution C such that ld*(C) = ld*(T u (A,T)), where A = x p i=l Ai, 
i/ = 2rkh(L>). 

Let us denote D v = F(X*)/((T + K$(T)) n F(X*)). Lemmas M E imply that 
ind*(D I/ ) < md*(r + Kfi(F)) < ind*(r). By the inductive step we obtain ld*(D u ) = 
ld*(U), where U is a finite dimensional over F *-algebra. Remark [2] yields T C 
ld*(C xU). 

Consider a multilinear polynomial f(x±, . . . , x m ) G Id*(C x U) in symmetric 
and skew-symmetric variables X{ GYUZ. Let us take any multihomogeneous (with 
respect to degrees of variables) and *-homogeneous *-polynomials w\, . . . ,w m G 
F{Y V , Z v ) (wi is symmetric or skew-symmetric according to Xi, i = 1, . . . , m). We 
have f(w\, . . . , w m ) = g + h for some multihomogeneous ^-polynomials g G T, h G 
Kjj(T) also depending on Y U UZ U . Then by Lemma l24l we obtain h = f(w%, . . . , w m ) — 
g G ST + SId*(^4j) for any i = 1, . . . , p. Hence h(x\, . . . ,x n ) G ST + SId*(j4j) holds 
also for the full linearization h of h. 

Suppose that a = (n, . . . , rg, 65+1, . . . , b n ) is any elementary complete substitu- 
tion of elements of the algebra Ai in h, where rj G J(Ai), bj G -Bj, s = 7 — 1. 
By Lemmas [18j [15] there exists a polynomial h^(Z\, . . . , Zs+ft, X) G ST + SId*(^4j) 
of the respective type, and an elementary substitution u from Ai in h^ such that 
fya('u) = ah(a), a G F, a^O. Moreover /i^ is alternating in any Zj (j = 1, . . . , s+p), 
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and all variables from X are replaced by semisimple elements. Then we have 

S+jj, s+p, 

= ( II ( A z£> ■ A Z m)) h n = E( II ( A 4S> • A z^) (%*)(mod SId*(2 i )),(22) 

m=l j m=l 

where Z$ is the subset of symmetric variables of Z m , Z$ the subset of skew- 
symmetric variables; «2 G F, «2 ^ 0; gj G T, G 5. Denote by {d, . . . , Cn} the 
variables Z U ^ of hp, (the first variables are from Z = 2>m)- 

Let us take in the algebra A, elements sc^m = aWfe) + where G X gi are 
variables, 7r(fc) is the number of the basic elements u k = c^oa m the basis {c±, . . . , c ? .} 
of Aj that consists of *-homogeneous elements chosen in ([5]), ([6]), 1 < ir(k) < q{. 

Consider the following substitution from A{ in hn,(Cli ■ ■ ■ > Cn)- 

Cfc = ( £ /'^7r(fc) £ /" + £ J"^(fc) £ J')/ 2 e AA) if Cfc G 2, Cfc is symmetric, and 

u fc = C 7r(7c) ^ tl'MZl" + £l"Ai£l'] 

Ck = {zvx^k^i" ~ £ i"K(k) £ i')/ 2 e J (^*) if Ck G -2, Cfe is skew-symmetric, 

Wfc = C^(fc) G El'AiSl" + £l»Ai£l>; 

Ck = u k if Ck e Af. (23) 

Suppose that in (|22p the pure form polynomial 5j depends essentially on iJ. Then 
we get Sj | J23J = 0, because the forms on radical elements are zero (fl~5j) . If Sj does not 

depend on Z then (n^i(*4~(o) • ■Aui))) (Sjgj) = Sjgj, where gj = (Um=i( A 7 «» ' 

•A z (i) ))gj G T. If gj |j23| ^ in Aj then one of degree multihomogeneous components 

of gj is a /x-boundary polynomial for Aj. This implies that Sn,(A) nT ^ 0, which 
contradicts to the properties of A. Therefore, | |23l = ^- Thus, in any case ^||23]| 
I ) holds in the algebra Aj. Hence, the substitution 

if Cfc ^ Ck is symmetric, and u k = c^o.) G EyA^y/ + £yiAi£y then 
Cfc = v fc = {e v x^ k) £ V , +e r x* (fe) e;/)/2; 

if Cfe G 2, £fc is skew-symmetric, and u k = c^k) G £ i'Ai£y +£i"Ai£ii then 

Cfc = Vfc = ( £ i'»7r(fc) £ Z" - £ «"<(fc) £ i')/2; 
Cfc = w fc = Ufc if CfcG^ 

in the polynomial /i^ gives the result hp(vi, . . . ,Vn) G I = Ti(Bi(X*J) + (X*) s in 
the algebra Bi(X* ). Since < s then we obtain hp(vi, . . . , t%) G Ti(Bi(X*_)). 

Consider the map if : x^/f.) \-t c^qa. if c^rty € -Do U D\ is a semisimple element, 
and (/? : 1 — ^ r if c^oa = {EyrEy* + (—l) S £yrr*£y)/2 G Uq U J7i is a radical 
element (fc = 1, . . . , \Z\). It is clear that 93 can be extended to a *-homomorphism 
if : Bi(X*J — > A4 assuming ip(b) = b for any b G B{. Then (p(hp(vi, . . . , ifo)) = 
^(^(ui), • • • , = /i A (u) = afc(a) G ^(riCBifX* ))) = (0). 

Therefore h(a) = holds in A4 for any elementary complete substitution a G A" 
containing 7— 1 radical elements. Since h is exact for Aj (Lemma ll8p . and 7 = nd(Aj) 
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then h G U*(Ai). Hence h G nf =1 Id*(A;), and G Id*(C(A) x = Id* (A) C T. 

Thus we have f(wi, . . . , io m ) = g + /i G T for any multihomogeneous *-polynomials 

to 1, . . . , tu m G F(Y U , Z u ), which are symmetric or skew-symmetric respectively. The 

application of Remark [1] now implies that Id*(C x U) C T. 

Therefore, T = Id*(C x {/). Theorem is proved. □ 
The author is grateful to A.Giambruno and S.P.Mishchenko for inspiration. 
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